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1. INTRODUCTION 
Among numerical methods for determining parameters of various unbounded ielectric wave- 
guide structures, the finite-difference method (FDM) and its modifications, uch as variational- 
difference method (finite-element method (FEM)), and boundary-element method, and others 
have such an advantage that they can handle arbitrarily shaped structures with irregular per- 
mittivity distributions [1-4]. In this paper, we present some new FDM-based approaches to the 
solution of direct and inverse problems for calculating dielectric waveguide systems. We consider 
two classes of problems. The excitation problems of calculating nonuniform waveguide systems, 
such as matched transducers, couplers, phase changers, bends, and so on constitute the first class. 
The second class represents he spectral problems of computation ofhomogeneous waveguide sys- 
tems with complicated cross section geometry and arbitrary variation of the matter properties. 
Applications of FDM and FEM for solving problems of these two classes are characterized by 
substantial differences. 
2. STATEMENT OF THE PROBLEM 
2.1. Excitat ion Problems 
We begin with the excitation problems. There exist some different methods to solve them. 
2.1.1. Direct problems 
If a nonhomogeneity occupies a confined omain in a waveguide, one can pose a boundary 
problem using the partial radiation conditions [1]. Then one can replace differential operators 
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with finite-difference ones and obtain a finite-difference problem, that is a system of algebraic 
equations of a very high order. In order to solve this problem, it is suitable to use some of iterative 
methods. It is necessary to note that the operator of differential problem is not self-adjoint and 
not of fixed sign. It requires, on one hand, the construction of modified iterative processes because 
the ordinary ones do not converge and, on the other hand, the employment of modified sweep 
method. A modified iterative method with complex-valued parameters has been constructed as 
well as the nonmonotone sweep method [2]. But it was found that the degree of convergence of 
such iterative process is very sensitive to the precision of approximation of boundary conditions. 
That is why it is necessary to invent new methods for solving the excitation problems. 
The Cauchy problem is known to be ill posed for elliptic equations or systems of elliptic 
equations. Therefore, the methods in which an elliptic equation or system of elliptic equations 
is replaced with a similar one for which the initial problem is well posed are very promising. In 
this respect, the parabolic approximation method and its modifications uch as the supporting 
wave approximation method [3] are of great interest. The main advantage of these methods is 
just in the opportunity to formulate the correct Cauchy problem. But when an elliptic equation 
is replaced with a parabolic one, the essential errors arise. In addition, the waves that propagate 
in the opposite direction are neglected. Therefore, the parabolic approximation is used usually 
in the case of slight variation of waveguide parameters along its axis. The rate of the parameters 
change defines the distance along the axis which one can reach at a given error range. 
But the parabolic approximation method has some obvious advantages, and so it is important 
to search for the ways of its improvement. In [4], some analytic and numerical estimations for the 
solution of the Helmholtz equation for a plane waveguides have been obtained. The main purpose 
of this method is to express a solution of the Helmholtz equation as an integral of the solution of 
the parabolic equation. The other way lays in regularization of the Helmholtz equation so that 
for the regularized equation one can pose the correct Cauchy problem. This way was realized 
in [5]. Let us consider the essence of this method. The Cauchy problem for elliptical equation 
is incorrect because its solution contains quickly increasing waves leading to great errors. In 
Cartesian coordinates, the three-dimensional Helmholtz equation has the following form: 
Gq2U 
Oz 2 + Tu = 0, 
~2 
where T = (k2/mE + A) m, E is the identity operator, A = (k2/m/mk2)(~-~ + ~y) ,  k is the wave 
number (for simplicity we assume k = const) and rn = 1. Now let rn ¢ 1. One can formally 
expand the operator T in m power series. 
( )m T ---- k2/mE + A = k2E + mk2-2/mA + . "  . 
The first two terms of this expansion form the Helmholtz operator for any value of m. Choosing 
m = 1, one can obtain the equation that approximates the Helmholtz one and for which the 
correct Cauchy problem can be posed. 
The regularization of the Helmholtz equation can be also made using the spectrum restriction 
method and the spectrum strip choice method. The main idea of these methods consists of 
the following. When the approximate Helmholtz equation is used, all nonpropagating waves are 
transformed into a set of modes that do not exist in a real waveguide. In [5], an iterative process is 
given by means of which the coefficients of these modes are rapidly decreasing and the coefficients 
of real propagating modes obtain small and controlled error. 
In [6], the calculation of gas-dielectric waveguide with varying thickness of the tube wall has 
been made using the finite-difference method and the supporting wave approximation. This 
research as shown that the combination of these two methods demands a small computational 
time and give the high accuracy of the result. 
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2.1.2. Inverse problems 
The solution algorithms for direct excitation problems, when some characteristics of electro- 
magnetic field in a waveguide are calculated using the sets of waveguides parameters usually form 
a part of the solution algorithm for inverse problems. 
Let us consider the design of a matched transducer connecting two regular plane waveguides 
with metallic walls and homogeneous dielectric filling. The transducer is a plane inhomogeneous 
waveguide with metallic walls and inhomogeneous dielectric filling. Our purpose is to find the 
optimal geometry of the boundary and dielectric filling of the transducer that provide maxi- 
mum energy transmission from the left-hand waveguide to the selected modes of the right-hand 
waveguide. It is assumed that only a few modes propagate through each of joined waveguides. 
The excitation of the transducer is made by means of an initial wave propagating through the 
left-hand waveguide. 
For simplicity let us consider the case of a matched transducer with homogeneous filling and 
when maximum energy is transmitted to the main mode of the right-hand waveguide. In order to 
confine the domain T) with the transducer inside it, one can write the partial radiation conditions 
in the cross sections at x = xl and x = x2 situated in the left:hand and the right-hand regular 
waveguide. Considering the case of TM-polarization and choosing the time-factor in the form of 
exp(- iwt) ,  one can obtain the following formulation of the problem: 
Au + k2u = O, (x, y) q D, 
u(z l ,d l )  = 0, 
u (x2, d2) = 0, 
u(x, o) = o, x ~ [xl, x2], 
u(x, y) = o, x ~ F, 
~ + i~)u  d~ = • =x~ sm -~1 AliV(~l)dl' 
- iv}y)u sin ~ dy = O, (n = 1, 2, . . .  ), 
2 X~X 2 
where ~/(l) = V/k2 _ (~rn/dl)2 (1 = 1, 2) are the propagation constant for the left-hand (l = 1) 
and the right-hand (l = 2) waveguides, k = wv/~fi, # = 1, A1 is an amplitude of the main mode 
propagating through the left~hand waveguide, F is the upper boundary of the transducer, dl and 
d2 are the widths of the cross sections for the left-hand and the right-hand waveguides, respec- 
tively. The transducer boundary F is modeled using the third-order splines, whose parameters are 
determined in the minimizing procedure. This problem is a typical incorrect one and in order to 
solve it one can use the Tikhonov regularization algorithm [7]. Let us construct he smoothness 
functional in the form 
M[Z~,,] = (A-  ~n) 2 +an []Z~nH 2, 
where A is the energy of electromagnetic f eld at the output of left-hand waveguide, ~n is electro- 
magnetic energy of the main mode of right-hand waveguide, an is a parameter of regularization, 
]]Za,, ]l denotes the Euclidean norm for parameters of optimization Z~,. The sequence of param- 
eters an is given by a recurrence relation 
an(A-~n)2=an+lA2;  n= 1,2 , . . . ;  a l  ----- 1. 
The minimization procedure is performed using the sliding algorithm method. The minimization 
procedure is finished when the condition M[Za,~] <_ an@, where @ is a given constant, is reached. 
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2.2.  Spect ra l  P rob lems 
Let us proceed to the second class of the problems--the spectral one. 
2.2 .1 .  E f f i c ient  boundary  cond i t ions  
One of the difficult problem in using the finite-difference method for open waveguides calcu- 
lation is the confinement of the spatial domain where the finite-difference problem is posed. 
One of the way of this confinement is to use the so called "efficient boundary conditions". 
In [8], such boundary conditions are constructed for the case of a circular axially symmetric 
dielectric waveguide. The refractive index of such a waveguide depends only on the radius: 
n(r) = ex /~,  where ¢(r) is the permittivity of the core. Let a be the radius of the waveguide 
core. Let us impose a cylindrical frame whose z-axis coincides with the axis of the waveguide. 
Cladding of the dielectric waveguide is assumed to be infinite, and its refractive index is constant: 
n2 = V/~, where ~2 is the permittivity of the cladding. Considering mode solution in the form 
A(r) exp(i(~z-a~t))exp(iu¢), where ~ is the propagation constant and A(r) is a wave amplitude, 
one can obtain the following system of differential equations for transverse electric omponents E~ 
and E¢: 
r dr \ dr ] 
+ [s(r)k2-# 2 u2+l] E~+ d [ dln¢(r)] 2i~ ~-~ ] ~ E~ ~r  J =-~-E¢ ,  (1) 
1 d [rdE¢~ [ ~,2+ ] 2iv i~'dlns(r)Er, (2) 
rdr \ -'~r / + ¢(r)k2-fl2 r 21 E¢-  ~E~ r d~ 
where k = w/c is a wave number. 
A boundary condition at the point r = 0 has the form 
levi < ~,  levi < 
In order to obtain the boundary condition at r = a (core-cladding surface), one can use the 
efficient boundary conditions. The solution of equations (1),(2) in the cladding can be got in 
explicit form. This solution contains two constants. Taking into account the continuity conditions 
for longitudinal components of the electromagnetic f eld at r = a, one can obtain four equations 
which contain two constants. Eliminating these constants we get the efficient boundary conditions 
dEr [1 d lne( r )~1 C ] (~  D ) 
d-T- + + d-----~- s2 C 2 - D ----------~ Er + i C2--_ D2 E¢ = 0, (3) 
d--~- + + ~ C 2 --- D 2 C2 E¢ - i E~ = 0, r = a, (4) 
where 
e l= lim e(r), dine(r) r=a = lim dlne(r) 
r---*a-O dr r---*a-O dr ' 
t~2 = /~2 __ e2k2, C - ~ + 1 Kv-l(~a) u 
- a~ 2 ~ K~(~)  ' D=- -  a~;2, 
Kv(x) is the Macdonald's function. Problem (1)-(4) is an eigenvalue one, where the eigenvalue 
is ~2. Outline that the eigenvalue is contained in the boundary condition in nonlinear manner. 
Problem (1)-(4) is reduced to the algebraic eigenvalue problem with a sparse matrix using finite- 
difference approximation of the order O(h2), where h is a mesh width. The algebraic problem 
has the form 
A (/~2) y = fl2y, 
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where A(3 2) is a block-tridiagonal matrix and Y is a column vector. It should be observed 
that /32 is contained in the right lower block of the matrix A only. The determinant of the 
matrix A(/3 2) - /32I ,  where I is a identity matrix, can be found easily using Gaussian method of 
elimination for block matrices. And as the derived triangular matrix is a triangular factorization 
of the matrix A032), the computation of the eigenvectors Y can be done easily. 
Note that these efficient boundary conditions (3),(4) are exact. Using them one can calculate 
electromagnetic fields and dispersion curves in the vicinity of the cutoff, the cutoff frequencies 
and other characteristics ( uch as an integral impulse response) of circular dielectric waveguides 
with any refraction index distribution. 
2.2.2. Spur ious  modes  
One of the tedious problems arising in the full-vector approach is the occurrence of nonphysical, 
or spurious, modes. The efficiency of numerical algorithms can be decreased sufficiently if we 
need to eliminate such modes. So it is important o elaborate new approaches for the problems 
of numerical calculation of waveguide systems or to create some efficient methods for separating 
these modes from physical ones. 
As far as the appearance of nonphysical solutions is the main difficulty in using the finite- 
element method for waveguide mode computations, let us consider this problem in detail. We shall 
give the explicit formula for the spurious olutions and discuss methods for their elimination. A 
mathematical formulation of this problem is the following. A magnetic field H with z-dependence 
in the form H = H(x, y)exp (i/3z) where /3 is the propagation constant satisfies the following 
boundary problem in a domain :D with a boundary 073: 
rot e-  1 rot H - k2#H = 0, (x, y) E 73, (5) 
[~-i ro tH  x n] Joy = 0, (6) 
[H x n] Iv+ = [H x n] Iv-' (7) 
[¢-1 ro tn  x n] [c+ = [ c - l r ° tn  x n] Iv- '  (8) 
where ~(x, y), #(x, y) are piecewise continues functions of permittivity and permeability, respec- 
tively, C is a line of discontinuity for ¢ or # functions. In the Cartesian frame, equation (5)-(8) 
after reducing a factor exp (i~z) has the form 
0 ~ i Oily OH= O~ IOHz k2pHx+~2~-lHx+~y - Ox +i~s-10x -0 '  
~yy- Oy 
0 e 10Hu OHz AE_ 10Hx k2#HY + B2s-IHy + ~xx Ox + i~e-i Oy Ox Oy - - 0, 
i3~_~ _lH ~ 0 i 0 10Hz 0 i OHz + Hy - - = ~x ~ Ox ~y~- ~ k2#gz O. 
(9) 
(lO) 
(11) 
One can consider equations (9)-(11) with conditions (6)-(8) as a spectral problem with respect 
to k 2 or ~ as an eigenvalue. Let k 2 be an eigenvalue. The magnetic field function H = ~7Z¢, 
where ¢ is any function, are the solutions of the eigenvalue problem corresponding to an eigenvalue 
k 2 = 0 of infinite multiplicity. When the standard Lagrange finite-element method is used, 
a zero eigenvalue transforms to a set of spurious eigenvalues which should be separated from 
the physical ones. Note that using the mixed finite elements provides precise computation of 
zero eigenvalue. We shall show that exact computation of zero eigenvalue is depended on the 
possibility of constructing the magnetic field functions in the form H = V¢. Let (x~, yj) be the 
nodes of a mesh. For simplicity let us consider a rectangular mesh. The Cartesian components 
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of the solutions corresponding to a zero eigenvalue have the following form: 
1 1 
Hxij - Nj (Y)Pi- 1# (x ) Nj (Y)P~,i+ I ( x), 
X i -- X i _  1 X i+ l  -- X i 
1 1 
gui j - Ni (y)pj- 1,j (y) Ni (x)pj,j+I (y), 
Yj - Yj-1 Yj+I - Yj 
Hz~j = zg , (z )g j (y ) ,  
where Ni(x) is a function in the form 
x-x i -1  ze[xi- l ,xi]  
Xi -- Xi-- 1 
Ni(x) --= x i+ 1 -- x 
, z ~ [x~,xi+l], 
Xi+ 1 -- X i 
O, X ¢ [Z i _ l ,X i+ l ]  , 
Nj (y) has a similar form, Pi,i+l are piecewise constant functions 
1, X E [X i ,X i+I ]  , 
p i , i+ l (X)  : 0, X ~ [X i ,X i+ l ] ,  
where (i, i ÷ 1) is a double index, which denotes an element edge. 
It is easy to verify that n = V~¢, where V~ -= { ~-~5~, 0-~y, f~} • 
The approximation of Hx(Hy) magnetic omponents i made using the functions which are 
linear along the y(x) axis and are constant along the x(y) axis, respectively: 
U x ---- ~ Ux i , iT l , j i j (Y )p i , i+ l (X)  , 
i , i+ l , j  
Ply = ~ Hyi,j,j+lNi(x)pj,j+i(y). 
i , j , j+ l  
The number of eigenfunctions corresponding to a zero eigenvalue is equal to the number of 
free Hz components. 
Now consider an arbitrary triangle mesh. Let the Courant functions be used for Hz component 
approximation. Tangential magnetic components are assumed to be approximated using the 
vector function Nij: 
Ht = ~ Htij (N~VNj - N jVN i )  , 
i, j 
where 
Nij = lij (N iVNj  - N jVN i )  , 
lij is the length of the i j edge of a triangle. 
{0 
V-  7xx 
In the case of a triangle mesh, it is also possible to construct the nonphysical solution precisely. 
Consider the vector function Hi, longitudinal and tangential components of which have the form 
H~i = ~Ni, 
1 
Ht i=EvNik~' .  . . 
where Ni is the Courant function and the nodes (ik) are the neighbours of the node i. 
In order to show that vector-function Hi is an eigenfunction corresponding to a zero eigenvalue 
k 2 = 0, it is sufficient o verify that Hti = VNi.  In the case of triangle mesh, the number of 
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eigenfunctions corresponding to a zero eigenvalue is also equal to the number of nodes for H~ free 
components. The most popular Lanczos method is not very effective for this case because our 
purpose is to compute the inner points of the spectrum. We use the Crawford method, which 
transforms generalized eigenvalue problem with band matrices into a standard eigenvalue problem 
with a band matrix. This method for waveguide computation requires large computer storage 
and computer time. To decrease the requirements o these resources, the exhausting process is 
necessary. We use the exhaustion procedure in the form presented below. Let us number the 
nodes for free Ht components, and after that the nodes for free Hz components and construct the 
matrix of eigenvectors corresponding to a zero eigenvalue. The matrix has a form (~)), where I is 
a identity matrix and ftI is a block submatrix corresponding to the Hz component. A generalized 
algebraic eigenvalue problem has a form 
All A12 AT A22) (Hilt z) : k2 (B01 S02) (gYtz) " 
We make matrix transformation using the matrix S-1B-1AS, where 
fAll d12) B : (B1 0 ) S:  (~ ~1) 
A= kAY2 A22 ' 0 B2 ' /3I " 
As a result of this matrix transformation, one can obtain the nonsymmetrical lgebraic eigen- 
value problem 
1 -1 7- (Bl IAm - -~SIB2 A,2) Ht = k2Ht. 
For application of the Lanczos method it is only necessary to factorize the matrices B~ and B2. 
Now we discuss the situation when the propagation constant fl is an eigenvalue of problem (6)- 
(11). The problem can be reduced to a generalized eigenvalue differential problem in the form 
AH = 32BH, (12) 
where A and B are the differential symmetric matrix operators, but not positive definite and 
matrix B is not diagonal. All these facts decrease the efficiency of the used method. Since 
the Lanczos method for eigenvalue computation requires the factorization of matrix B, one can 
improve the algorithm using matrix transposition which reduces the matrix B to tridiagonal form 
B = LDL-, where 
o:)(-:o Oo) 
0 1 D = -e  -1 , L-" = 
L = __0 __0 ' 0 k2~ 
Ox Oy 
0 1 - - -  ' 
0 0 :Y )  
Using the matrix transformation one can reduce equation (12) to 
.4I=I = ~2I=I, (13) 
where A = L-1A(L-) -1 and I=I = L -H .  If one uses equation (13) for eigenvalue computation, 
the spurious modes also appear and have the form {-0H~ _ og~, H~ }, but now a zero eigenvalue Ox ' Oy 
is the inner point of the spectrum and the Lanczos method turns out to be very efficient. For 
precise computation of a zero eigenvalue, it is necessary to use mixed finite elements. 
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2.2.3. Self-control led mesh a lgor i thm 
In the treatment of propagation characteristics of open waveguiding systems, the adequate 
approximation of boundary conditions poses a difficult problem for the analysis. The way to 
solve the problem of equations approximation i the singular point r = 0 of the Laplace operator 
in cylindrical coordinates i presented in [9]. In this work, it is offered to consider the Cartesian 
coordinates of the magnetic (or electric) field H in the polar frame: Hx,~ -- H~,y(r, ¢). Earlier 
it was assumed that only modal solutions are under consideration H(r, ¢, z) = H(r, ¢) exp (iflz), 
where fl is a propagation constant in the axial z-direction. Such an approach allows to avoid 
the problem of definition for the transverse magnetic field component H± = Hr + He at the 
point r = 0, because in this case, the components H~ and Hy are determined at any point in the 
vicinity of the point r = 0 through the absolute value IH±I and the angle between vector H± 
and the positive direction of the axis x. On the other hand, cylindrical frame allows us to avoid 
difficulties connected with approximation of a circular boundary of waveguides. 
Another difficult problem in the analysis of the open waveguides i how to treat the infinite 
transverse cross section. Employing FEM with ordinary inner form-functions, we get the system 
of algebraic equations 
A 'J' x ,  = 0 ~3 
i j  
This is the generalized eigenvalue problem and the number of eigenvalues and eigenvectors-- 
the fields of propagating waves--are determined in solving procedure. One of the approaches 
is employing the infinite elements. One of the difficulties arising in using the infinite elements 
is nonlinear appearance of the parameter f12 in the equations ystem matrix. Now we offer the 
form-function choosing for the infinite elements when the algebraic eigenvalue problem becomes 
linear. We name this procedure for solving open arbitrary shaped waveguides as a "self-controlled 
mesh" algorithm. The software based on this approach is constructed. 
Let us consider the cylindrical mesh with nodes ri and Cj and define the following basis 
functions on the infinite elements as 
T = 
and besides 
i'j' { 1, if (i, j) = (i ' , j ') ,  
N~3 (ri,,¢y,)=6~y =.  0, i f ( i , j )¢ ( i ' , j ' ) .  
Here, the ~j (¢)-function is an ordinary one [9]. In choosing of radial basic function, let us base 
on the physical aspect of the question. Electromagnetic f elds in a homogeneous infinite cladding 
are 
oo 
= E oo o .1 . ,  -- ~O~cl) r )  e me, 
n=0 
where u(r, ¢) denotes any of electromagnetic f eld components, an are unknown coefficients, 
xd denotes a permittivity distribution of the cladding ko = co~c, and Kn is Macdonald's function. 
At some distance from the core of the waveguide which can be determined from the condition 
(f12 _ k~ed)l/2R >> 1, the asymptotic presentation for Macdonald's function takes place 
/ (J ) Kn (fl2_k20c~z)l/2r ~--~exp - f l2_k2edr  , fo r r>R.  
Then we can choose the radial form-functions on the infinite elements as 
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And in this case, the/~2 parameter occurs to the matrix of the system linearly, because now 
the infinite elements entering the matrix elements are independent of 132. 
The choice of the parameter n = v/132 - k02Ecz R limits the number of layers of cylindrical mesh, 
which are necessary to be added, for that the last layer would coincide with R. The self-controlled 
mesh algorithm chooses the optimal mesh automatically at each iterative step of f12. 
The iterative process converges rapidly: in using of the inverse iteration method the eigen- 
value is calculated with the accuracy of 5 order at 2-3 iterations and in the vicinity of cutoff 
during 5-6 iterations. This approach works for calculations right up to cutoff frequencies. 
In addition, we should outline the existence of the problem of the sparse matrices treatment, 
which are obtained in employing the finite-difference method or finite-element method for open 
problems. For such a problem with complex geometry without axial symmetry, the number of 
elements in a matrix line can be more than hundreds of thousands and most of them are equal to 
zero. That  is why the problem of carrying out of efficient algorithms to treat a high-order sparse 
matrix has received considerable attention and has become one of the central questions concerned 
with solving the spectral problems with employing of finite-difference and finite-element methods. 
The essence of the main problem of sparse matrix technique consists of the three moments: 
(1) to keep only nonzero elements, 
(2) to operate with only nonzero elements, and 
(3) the size of the computer storage using for the solving of the system with sparse matrix is 
not to be extended in the process of the solving. 
One can say that, as yet, no completely reliable algorithm exists which is computationally efficient 
for a sparse matrix of general type. 
In conclusion, it should be pointed out that owing to their flexibility in using for wide set 
of problems and convenience to computer ealization, the FDM and FEM have taken the most 
significant place among numerical methods to treat dielectric waveguiding structures. However, it 
is important to stress that, as yet, there does not exist a completely efficient algorithm which could 
be good from all points of view. Thus, the creation and the development of such an algorithm 
on the base of FEM and FDM to research spectral and synthesis problems for complicated 
waveguiding structures eem to be very actual. The further progress in this field associates with 
carrying out of the methods which would combine mathematical pproach and the ability to treat 
the high order sparse matrices economically, rapidly, and reliably. 
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